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Abstract 
The effect of natural convection on polymerase chain reaction (PCR), where many copies of a DNA template are made by 
cycling between hot and cold regions is investigated. A model of a Rayleigh-Benard in squared closed cell is employed by the 
problem. Heat and mass transfer of reagents and DNA concentrations evolution are described by the system of equations in 
the Boussinesq approximation [1] and by the convection-diffusion-reaction equations respectively. 
© 2013 K.V. Moiseev et al. Published by Elsevier B.V. 
Selection and/or peer-review under responsibility of Yuli Chashechkin and David Dritschel 
Keywords: Rayleigh-Benard cell; polymerase chain reaction; convection; diffusion. 
1. Introduction 
The polymerase chain reaction (PCR) is an experimental method for increasing the nucleic acid (DNA) con-
centration. It is an important tool in molecular biology for such cases when medical analysis is prevented by the 
lack of DNA concentration in a biomaterial pro-vided, since it allows to obtain exponentially many copies of a 
particular DNA sequence from a handful of template molecules. 
Buffered reaction cocktail, containing a DNA-template to be amplified, nucleotides, primers and the poly-
merase enzyme, is repeatedly cycled through a temperature profile to amplify the DNA concentration. PCR reac-
tion is usually performed for 20 – 35 cycles, each of them consists of three stages: 1) denaturation  takes place 
at 94 – 96ºC, where DNA double strand is divided into two single strands due to hydrogen bonds destruction; an-
nealing  occurs at a temperature of 50 – 65ºC, where the donor templates (primers) bind to separated single 
strands; elongation (72ºC), during which the formation of two new copies of the original DNA-templates occurs. 
As a result of PCR the concentration of DNA in the biomaterial increases exponentially. 
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The paper deals with the PCR generated by convective heat-mass-transfer in a two-dimensional squared cell 
of size L. Low boundary is maintained at a denaturation temperature, while the top one is at the cooler annealing 
temperature. That is, there is a temperature gradient directed along the vector of gravity, the so-called Rayleigh-
Benard instability. The main goal of this paper is to establish optimal convection modes, in which the concentra-
tion of DNA will reach its maximum value. The model of PCR with free convective heat-mass-transfer was pro-
posed in [2]. 
2. Problem Statement 
Let's consider a two-dimensional squared cell heated from below (the annealing temperature – Ta) and cooled 
from above (the denaturation temperature – Td). The lateral boundaries of the cell are assumed to be thermally 
insulated. Free convection of a viscous incompressible fluid is described by the following dimensionless system 
of continuity equation, Navier – Stokes equations in the Boussinesq approximation and the energy transport 
equation: 
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where v  is the velocity vector of fluid, p  is the deviation of hydrostatic pressure, T  is the dimensionless tem-
perature, g  is the gravity vector, the dimensionless parameters are Grashof 3 2Gr ( ) /a dgL T T  and 
Prandtl Pr /  numbers, g  is the gravitational constant, L  is the size of the cell,  is the coefficient of 
thermal expansion,  is the viscosity,  is the coefficient of thermal conductivity. 
Since the concentrations of PCR reagents are small as compared with the volume of carrying solution, convec-
tion caused by concentration gradient is neglected. 
One can obtain various DNA species by first-order reactions [2]: 
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The evolution of the DNA species concentrations are governed by convection-diffusion-reaction equations, 
written in dimensionless form:  
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where , (1, 2, 3)ic i  are the concentrations of single stranded, annealed and double stranded DNA respec-
tively, ir  is the generation rate, given by 
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where ak , ek , dk  are dimensionless constants of corresponding chemical reactions, af , ef , df  represent the 
reaction intensities of the respective processes. The dimensional parameters are Peklet and convective Damkohler 
numbers respectively:  
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where k is a characteristic reaction rate, D is a the diffusivity.  
To identify the stages of PCR we adopt a Gaussian model of temperature distribution probability with the fol-
lowing parameters [3]: the optimum temperature for denaturation is 95ºC, deviation is 85 – 95ºC; annealing – 
55ºC, deviation is 55 – 60ºC; elongation – 72 2 C. 
The boundary condition for the i-th component corresponds to no penetration through the cell walls. For the 
velocity vector is a no-slip condition on all boundaries, for the temperature we have adiabatic vertical walls and 
thermally insulated horizontal ones. Cell heated from below. The initial conditions for hydrodynamic variables 
are equilibrium state. And reagents: 1 3 0,c c  2 0c c . 
Assuming, that in a classic PCR cycle the extension reaction runs twice slower than denaturation and anneal-
ing, the rate constants of respective chemical processes are determined as follows: 1a dk k  and 
1 / 2ek . 
3. Results 
The physical values of the water were taken as input data for the model. Since it was believed that the main 
buffer contains low concentration of all types of DNA species and primers. But it (primers) was enough for the 
reaction. The Prandtl number was set to 2.23 and the Grashof number – to 2000, which is equivalent to the 
Rayleigh number near 4.500. Schmidt number was ranged from 1 to 1000. Calculations were made for three dif-
ferent Damkohler numbers: 1, 10, and 100. 
The doubling time was computed with the formula offered in [3]. 
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It was established that the most suitable flow mode is the stationary one-vortex mode. The value given in the pa-
per [2] (Ra = 106) corresponds to the non-steady flow which does not allow evaluation of the free convection in-
fluence to the polymerase chain reaction.  
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Fig. 1. The doubling time vs. Schmidt number for three different Damkohler numbers. 
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From Fig. 1 it is clear that the doubling time for different Damkohler numbers, with increase in Schmidt number, 
goes to a some steady value. That is, diffusion make a small contribution to the reaction and the major role 
played by convective motion. As the Damkohler number increased the doubling time is also increased, which 
shows the great influence of the characteristic chemical reaction rate k on the reaction. The closest to the experi-
mental reaction time value (25 sec) Damkohler number is Da = 10, that is k = 0.01. 
4. Conclusions 
A mathematical model of the polymerase chain reaction in a closed square cell with heating from below is 
presented in this paper. It is established that the most suitable mode for the PCR reaction is stationary one-vortex 
mode. Also it is found that the characteristic velocity of the reaction strongly affects the doubling time of double-
stranded DNA under convective motion, and the influence of the diffusion coefficient is small. The results may 
be useful for the development of new efficient DNA amplification systems. 
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